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Abstract 

The double-spinor formalism, proposed by Aisaka and Kazama, provides a ba- 
sis for the pure-spinor formalism, which allows manifestly super-Poincare covariant 
quantization of superstrings. We extend it to the case of backgrounds realized by 
coset superspaces. A general method constructing reparametrization invariant action 
is given using two concrete examples, the flat space-time and AdS^ x S* 5 . We find 
that it is natural to double not only the spinor coordinates but the whole superspace 
for describing double-spinor superstrings on such backgrounds. The reparametrization 
invariant action has local symmetries compensating those extra degrees of freedom, 
which guarantee the equivalence to the Green-Schwarz formalism. 



1 



typeset using VTpTfX.ds (Ver.0.9) 



1. Introduction 



The pure spinor (PS) formalism is a promising method to quantize superstrings in a 
manner that preserves the manifest super-Poincare covariance. 1 ^ Defined as a free conformal 
field theory, it provides a calculable prescription to give general supersymmetric amplitudes 
in the flat ten-dimensional space-time. 2 -* The PS formalism can also be extended to the 
case of superstrings on the AdS p x S^-type backgrounds 3 -*' 4 - 1 and those obtained as their 
Penrose limit. ^ It is essential to prove conformal invariance at the quantum level, 6 - 1 which 
cannot be realized with the Green-Schwarz (GS) formalism. However, because of the lack 
of reparametrization invariant action, the origins of various tools of the PS formalism, the 
pure spinor field, the BRST symmetry, the Feynman-like rules, etc., are still unclear. 

To clarify this fundamental question, Aisaka and Kazama proposed the double spinor 
(DS) formalism based on a fundamental reparametrization invariant action from which 
one can derive the PS formalism. 9 - ) In the DS formalism, superstrings are propagating 
in an extended superspace, (X a , 9% 9%), obtained using doubling spinor coordinates. The 
reparametrization invariant action has a novel local fermionic symmetry, in addition to the 
conventional K-symmetry, compensating the extra spinor degrees of freedom 9\. It reduces 
to the GS action if the extra fermionic fields 9\ are gauged away, which yields the equiva- 
lence to the GS formalism. The equivalence to the PS formalism is also proved in Ref. 9), 
which also gives an indirect proof of the equivalence between the PS and GS formalismsO 
In this proof, the local fermionic symmetry plays an alternative role, an origin of the BRST 
symmetry. The pure spinor field \\ is identified as a part of its ghost field. ^ 

The purpose of this paper is to extend the DS formalism to the backgrounds realized by 
coset superspaces. Although the method is general and applicable to any coset superspace, 
on which the GS superstring can be defined, we illustrate it using two fundamental examples, 
flat ten-dimensional space-time and AdS$ x S 5 . For general coset superspace, we find that it is 
natural to double the vector degrees of freedom as well as the spinor ones as (X a , X a , 9% 9°£). 
The reparametrization invariant action of this extended DS superstring also has local bosonic 
symmetry, in addition to the local fermionic symmetry, compensating the extra degrees of 
freedom, (X a ,9^). The action coincides with that of the GS formalism if these extra fields 
(X a , 9%) are gauged away. This is an extension of the conventional DS formalism in the 
sense that the action reduces the conventional one after gauging away only the extra bosonic 
field X a in the case of flat space-time. 

The paper is organized as follows. In ^21 we briefly review the GS superstring on flat 
space-time and AdS 5 xS 5 to fix our notations. The coset superspace SU SY(N = 2)/SO(9, 1) 

*) A similar proof is also given in Refs. 10), 11). 
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and PSU(2, 2|4)/(£0(4, 1) x S0(5)) are introduced as the target (super)space of the GS 
superstring on the flat space-time and AdS$ x S 5 , respectively. Given in §|3]is the method 
to give the reparametrization invariant action of the extended DS formalism. The doubled 
superspace (X a , X a , 9% 9^) is naturally introduced but the explicit form of the action can 
be obtained only in the X a = gauge. The equivalence to the PS formalism is discussed 
in the final section. Appendix [A] contains a summary of our conventions for spinors and 
supergroups. 

§2. Green-Schwarz superstring on the coset superspace 

In this section, we summarize the GS superstring on backgrounds realized as the coset 
superspace using two concrete examples, flat space-time and AdS$ x S 5 . We will extend 
them to the DS superstring in the next section. 

2.1. Flat background as a coset superspace 

The simplest example of the background realized as a coset superspace is the flat back- 
ground. The GS superstring on the ten-dimensional flat space-time can be described as 
a nonlinear sigma model on the coset superspace SUSY(N = 2)/SO(9, l). 12 ) Here, the 
SUSY(N = 2) (SO(9, 1)) is the N = 2 super-Poincare (Lorentz) group in ten dimensions, 
the details of which are summarized in Appendix |A] 

This coset superspace can be parametrized by coordinates (X a , 9%) as 

G(X,9)=g(X)g(6), (2-la) 
g(X) = exp(X a P a ), Q{9) = exp(^), (2-lb) 

where (A a )^ = X a , = 9% The structure of this coset superspace is exceptionally 

simple, since (P a ,Q^), frequently called broken generators, satisfy a closed subalgebra. The 
nonlinear sigma model is described using the map from the world-sheet S, parametrized by 
a m with m — 0,1, to this coset superspace, (X a (a m ), 6^(cx m )). The global supersymmetry 
is nonlinearly realized on these fields by left multiplication as 

G(X, 9) - Q{e)G{X, 9) = G{X' , 9'), (2-2) 

or equivalently 

5X a = -i9 A ^ a e A , 69 a A = e% (2-3) 

where e\ is a constant spinor parameter. 

The left-invariant Maurer-Cartan (MC) one-form 

G- x dG = L a P a + L\Q A a , (24) 
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is invariant under the global supersymmetry, where L a = L^ n da m and L\ = L^^a" 1 are 
the pullback of superspace one-forms on the world-sheet using the sigma model map, which 
can be easily calculated as 

L a m =d m X a - i9 A rd m 9 A , (2-5a) 
L\ m =d m 6% (2-5b) 

The reparametrization invariant action is given as 

Igs =Ik + Iwz, (2-6a) 
Ik = ~\ I d 2 aV^hh mn L a m L an , (2-6b) 

Iwz =i I s AB L a A L A A %L B , (2-6c) 

J M 

where s 11 = — s 22 = 1, s 12 = s 21 = 0, and h mn is the world-sheet metric. The Wess-Zumino 
action is integrated over a three-dimensional manifold whose boundary is the world-sheet, 
DM = S. This can be easily rewritten using the integral on the world-sheet as 

Iwz = -i f d 2 ae mn (s AB L a m 9 A %d n 9 B - iQx^dM^d^). (2-7) 
Js 

The sum of f|2-6b[) and (12- 7p is nothing but the action of the GS superstring on the flat 
space-time. 12 ^ 

Due to the Wess-Zumino term, the action is invariant under the ^-symmetry defined as 13 ) 



5X a =i6 A r56 A , 59 A = L a mla K%, (2-8a) 
5(V^hh mn ) = - BiVmP^dtOtoK? - 8iV^hPfdi6 2a KT, (2-8b) 

where 




are the projection operators of the world-sheet vector. The parameters k™ q in (I2-8|) are 
restricted to satisfy the constraints 

P- K lan = K \ a , P+ K 2an = K 2ct - (2T0) 

The K-symmetry is crucial to reduce the fermionic degrees of freedom to the physical ones. 
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2.2. AdSs x S 5 background 

Another important example of background, realized as a coset superspace, is AdS§ x S 5 
with Ramond-Ramond (RR) flux obtained as a near- horizon limit of the D3-brane solution. 14 ) 
The GS superstring on this background is described as a nonlinear sigma model on the 
coset superspace PSU(2, 2|4)/(5'0(4, 1) x SO(5)), 7 ^' 15 ^ the details of which are given in 
Appendix By using coordinates (X a , 0^*'), this is parametrized, in a similar way to (12- ip . 
as 

G(X,9)=g(X)G(9), (2-lla) 
g{X) =exp(X a P a ), G{9) = exp^f Qic), ( 241b ) 

where (X a Y = X a and (Ojf a $a' = @aa'A- The global supersymmetry is nonlinearly 

realized on these fields by left multiplication as 

G{X, 9) -> G(e)G{X, 9) = G{X', 9')H{e; X, 9), (2-12) 

where e (= e^*') is a global spinor parameter, and H(e;X,6) G 5*0(4, 1) x 50(5) depends 
not only on the parameter e, but also on the fields (X a , 9^*'). 
The left-invariant MC one-form is given as 

G-'dG = L & P & + h^M &i + LT'QL', (2-13) 

where we use an abbreviation L ab M a ~ b = L ab M a b + L a ' b ' M a iy. Its components of broken 
generators, (L a ,L A x "'), can be computed as 15 -* 

tW-Wyfffl))', (244a) 



Aa 



Aa 



*j£>l») , (2.14b) 



where 



(M 2 ) AB = ~ £ AC ((la9c)(9 B i a ) - (la'9c)(9 B i a ')) 

+ ~ ((7a^)(^c7 afe ) - (7a'^ A )(^7 a ' b ')) e CB , (2-15) 
D AB =5 AB {d + \u^- l -e AB e^. (2-16) 

The one-form e a (u ab ) is the pullback of the viel-bein (spin-connection) of AdS$ x S 5 space 
on the world-sheet. 
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The reparametrization invariant action on this background is given as 

Igs =Ik + Iwz, (247a) 
I k = -\I d 2 aV^hh mn L« m L, m , (247b) 

I wz =ij s AB If A L A % A L B , (247c) 

J M 

where the Wess-Zumino term can be written as the world-sheet integral, 16 ) 

Iwz = — 2 / L\ a , A L aa 2 , 
Jz 

= -2 [ d 2 <re mn l} aa , m LT' 2 . (2-18) 

This action (12-171) is invariant under the K-symmetry whose transformation laws have simple 
forms on the linear combination (5x a , 5$^*'), obtained by replacing (dX a , dO^') in (L a , L ^') 
with (5X & ,59X'), afl 

5x h = 0, 60? = L a m ( la ^) aa ' - tLi( la ,^) aa ', (249a) 

5(V^hh mn ) = - 8iV^h (P™ l L laan K« a ' n + PfL 2aa/l K% a ' n ^ . (249b) 

The parameters are restricted to be 

pmn no' aa'm rymn aa' aa'rn OfA 

ft ln — re l 5 + re 2n — ^2 ■ l^-ZUJ 

§3. Double-spinor superstrings in coset superspace 

Now we extend the DS formalism to the backgrounds realized as coset superspaces. 
Although the method is elucidated using two backgrounds explained in the previous section, 
one can easily see that it is general and can be applicable to any consistent background of 
GS formalism realized as coset superspaces. 

34. DS superstring in flat background 

Let us first reformulate, and slightly extend, the conventional DS superstring in the flat 
space-time, in a way that is applicable to general backgrounds realized by coset superspaces. 
To begin with, we double the superspace coordinate fields (X a ,9 ( ^) to (X a , X a , 0% 9 A ), and 
replace the group- valued field G(X, 6) in (12 -lap by 

G(X,X,9,9) =G(X,9)G\X,9), 

= exp - i(9 A rO A )) Pa + O a A Qi) , (34) 

*) At least perturbatively, one can solve them as the ones for the fundamental fields (X a 1 9j L a ), if 
necessary. 
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where X a = X a — X a and A = 9 A — 6^0 It should be emphasized that the interaction 
terms between the conventional and extra spinor fields, — i[9jCi a 9 A \ which were introduced 
in a heuristic manner to realize a local fermionic symmetry in Ref. 9), naturally appeared in 
this doubled (group- valued) field G in (13-1 1) . This is made possible by doubling not only the 
spinor coordinates 9 A but also the bosonic coordinates X a , that is, the whole superspace, as 
a product of group-valued fields. It also makes it easy to extend the method to the case of 
general coset superspaces. 

The global supersymmetry is, as in the case of the GS superstring, realized by left- 
multiplication as 

G(X,X,9,9)^g(e)G(X,X,9,9) =g(e)G(X,9)G(X,9)\ 

=G(X', 9')G(X, 9^ = G(X', X, 9', 9), (3-2) 

which can be written as the transformations of the doubled superspace coordinate fields as 

5X a = - i9 A j\ A , 59 a A =e% (3-3a) 
5X a =0, 91 =0. (3-3b) 

The left-invariant MC one-form is defined using this doubled variable G as 

G~ l dG = L a P a + L a A Ql (3-4) 

We can easily obtain 

L a =d(X a - %9 A ^ a ~9 A ) - iO A ^ a dO A , (3-5a) 

L A =dO% (3-5b) 

We define the reparametrization invariant action of the (extended) DS superstring by 
replacing (L a ,L A ), in the action (12-61) of the GS superstring, with (L a ,L A ) as 

Ids =Ik + Iwz, (3-6a) 

1 r J2 . 



Ik = ~ g / d 2 aV-hh mn L a m L an} (3-6b) 



Iwz = -i I d 2 ae mn {s AB L a m e A l a d n e B - t0 1 Td m 1 e 2 %d n 2 ). (3-6c) 

£ 



To study the local symmetries, we start from the apparently trivial fact that the doubled fun- 
damental variable G, therefore the action (I3-6|) . is invariant under the local transformations, 



Our convention is different by sign from the one in Ref. 9). 
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G(X,ey=G(X,6)G(Z, X ), (3-7a) 
G(X,ey=G(X,6)G(Z, X ), (3-7b) 

where £ a (xl) is a local bosonic (fermionic) parameter. This can be rewritten by the trans- 
formation of fields (X a , X a } 9% 9%) as 

G(X,6)G(Z, X )=G(X>,e>), (3-8a) 
G(X,9)G(^ X )=G(X',9') 1 (3-8b) 

which yields infinitesimal transformations 

5X a =i a + i6 A ^XAi S9 a A = X % (3-9a) 
5X a =e + t0 A l a XAi 56 a A = X a A . (3-9b) 

The action (13-61) reduces to the one of the GS superstring, if the extra fields (X a , 9 A ) are 
gauged away. In addition to these local symmetries, the action (I3 6|) also has the conventional 
K-symmetry whose transformation law is given for the similar linear combination to (12-191) . 
obtained by replacing (dX a , dX a , d9% d9%) in (L a ,L%) with (5X a , 5X a , 59% 59%), as 

5x a =5(X a - i9 A ^ a 9 A ) - iOja a 50 A = 0, (3- 10a) 

5^ A =50 a A = L a m ( la n^)% (3-10b) 
5(V^hh mn ) = - 8tV^hP™ l di0 la K« n - 8iV^hPfdtG 2a K% n . (3- 10c) 

It should be noted that these transformations (I3-I0ap and (13-10bj) cannot be solved uniquely 
using fundamental fields, (5X a ,5X a ,59 A ,59 A ). This is not a problem but a natural con- 
sequence of the local symmetries (!3-9p . More specifically, transformations of fundamental 
fields (5X a , 5X a , 59% 59 A ), producing the same combination (I3-I0ap and (13-I0bl) . are related 
by the local symmetries (!3-9p . For example, let us consider two transformations, 

5 x X a = - WaTWa + %eja a 5 x 9 A , 5xX a = 0, (3-lla) 
5 l 9 a A =L a m { la K r ir ) 5^ = 0, (3-llb) 



and 



5 2 X a =%9 A ^5 2 9 A , 5 2 X a = 0, (3-12a) 
520% =0, 5 2 9 a A = -L a m ( 7a K%)% (3-12b) 
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which give the same transformation laws as (I3-I0al) and ( 13-I0bl) . The difference between 
them, 

8 x X a - 5 2 X a =iL b m A ^ a lb K^ 5 1 X a -5 2 X a = 0, (3-13a) 

hffx - 6 2 e a A =Luia^l) a , m - 6 2 e a A = L a m ( la K%r, (3-i3b) 

is a local transformation (13-91) with parameters 

^ = -i9 A TXA, Xa = L a m { la ^Y. (3-14) 

Finally, the conventional DS formalism 9 ^ is obtained by setting X a = using the local 
bosonic symmetry ( 13-91) . The action ( 13-61) reduce to the original action, which is invariant 
under the local fermionic symmetry 9 ) 

5X a =i0 A TXA, (3- 15a) 

m =X% 80% = Xa- (3-15b) 

This residual symmetry, which keeps the gauge condition X a = invariant, is obtained 
by combining the local fermionic transformation in (I3-9P with the particular local bosonic 
transformation choosing the parameter £ a = — i&Al a XA- 

3.2. DS superstring in AclSc, x S 5 

It is now straightforward to extend the DS formalism to the case of AdS§ x S 5 background, 
realized as the coset superspace PSU(2,2\4)/(SO(4, 1) x SO (5)). 

First, we define 6(X,X,9,§) = G(X,9)G(X,0y using f[2TTj) . by doubling superspace 
coordinate fields (X a ,^ a ') to (X & , X a , 9% a ' , 9% a '). The left-invariant MC one-form has the 
same form as the one in the GS formalism (12-131) . 

G- l dG = L & P & + \l hh M hi + VfQta!. (3-16) 

The global supersymmetry is still nonlinearly realized by left-multiplication as 

G(X, X, 9, 9) -> Q(e)G(X, X, 9, 9) =G(X', 9')H(e; X, 9)G(X, 0)* , 

=G(X', 9')G(X', 6'yH(e; X, 9), 
=G(X',X',6',6')H{e-X,d), (3-17) 

where G(X', 9') = H(e; X, 9)G{X, 9)H(e; X, 0)t. We should note that the extra fields (X a , 9 a /) 
are nontrivially transformed under the global supersymmetry contrary to the case of the flat 
space-time, (!3-3bj) . This implies that we cannot fix the conventional ft-symmetry keeping 
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the super symmetry manifest by setting a half of 9 a to be zero as in Ref. 9). Thus, the 
relation to the PS formalism, which is manifestly super- Poincare covariant, has to be much 
complicated. 

One can define a reparametrization invariant action of the extended DS superstring, by 
replacing the fundamental variable G with this G, in the action of the GS superstring (12- 171) . 

as 

Ids =Ik + Iwz, (3 -18a) 

1 r 



lK = ~2j d °V-hh mn L a m L &m , (3-18b) 

^ABfa 



Iwz =i / s L A L A % A L B , 
'm 



= -2 d'ae mn L^, m L™\ (3-18c) 
The doubled fundamental variable G is invariant under the the local transformations, 

G{x,ey =G{x,e)G{z,x), (3.19a) 

G(X,6)'=G(X,6)G(Z,x), (3-19b) 

where (t; a ,XA*') are local parameters. These transformations are again rewritten as the 
transformation on the superstring coordinate fields (X a , X a , 9°^\ &A*') ^ n the following two 
steps. At the beginning, the transformation (13-19f) can be rewritten as 

G(X, 9)G(S, X ) =G(X\ 6')H(X, 9; £, X ), (3-20a) 
G(X, 6)G(t x) =H(X, 9; £, x) ] G{X\ 9'), (3-20b) 

where H(X, 9; £, X ) and H(X, 9; £, X ) are SO (A, 1) x 5*0(5) valued parameters depending on 
fields (X a , X a , 9°^' , 6^"') as well as parameters (£ a , Xa*')- This alternative form of transfor- 
mation induces a nontrivial transformation on G as 



where 



G(X, X, 9, $)' =G(X', 9')H(X, 9; £, X )G(X', 9'YH(X, 9; £, X ), 

=G(X\ X", 9', 9")H(X, X, 9, 9; & X ), (3-21) 

G(X', X", 9', 9") =G(X', 9')G(X", ~9")\ (3-22a) 

G(X", 9") =H(X, 9; £, X )G{X', 9')H{X, 9; £, x)\ (3-22b) 

H(X, X, 9, 9- e, x) =# 0; £, <9; £, *)■ (3-22c) 



10 



The action ( 13-18P is invariant under this transformation, since the components of the broken 
generators, (L a , La), are transformed covariantly. 

The ^-transformation is defined on the similar linear combination (5x a ,5 r d c *f*') to (12- 19j) . 
given by replacing (dX", dX & , dQ a A a \ dB a A a ') in (L a , L a /) with (5X a , <5X a , 60%* , 66~T'), as 

6x« = 0, Sff* = LUlaKjY*' - iLii^K^Y"' , (3-23a) 
6(V^hh mn ) = - 8iV^h (p ml L laa ,iKf n + P™'W^r' n ) • (3-23b) 

The transformation laws of the fundamental fields (6X a , <5X a , 69 A a \ S&a*') cannot be uniquely 
determined, but it is expected from the local symmetries. 

In X a = gauge, we can further find the explicit form of (L a , L^'), in a similar way to 
the GS superstring 7 ''' 15 ) as 

+aW ^m^y.^ (^ M ^ De y, (3 , 4a) 

where 

(M) AB = - e AC ({i a dc){6 B l a ) - {la~6 c ){6 B l a ')) 

+ \ {{la b e A ){6cl ah ) - {lai b ~6 A ){ecl a ' b ')) e CB , (3-25a) 

= - ^ ((7.*c)(*V) - {la~0 C ){6 B l a ')) 

+ ^ ((7a6^)(^7 a6 ) - (7a'^~ A )(^7 a '"')) e CB . (3.25b) 

One can easily see that they reduce to those of the GS superstring, (12-141) . if we set the extra 
fermionic field 9 A a ' = 0. 

§4. Discussion 

In this paper, we extend the DS formalism for superstring in the flat space-time, proposed 
by Aisaka-Kazama, 9 ) to the case of backgrounds realized as coset superspaces. The action of 
the extended DS superstring is naturally defined on the doubled superspace (X a , X a , 9a, @a)- 
It has local symmetries compensating the extra degrees of freedom, (X a ,#4), and reduces 
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to the GS action if they are gauged away. We explicitly construct the reparametrization 
invariant action for two fundamental examples, the flat space-time and AdS$ x S 5 . It is 
easily seen that the method is general and applicable to any coset superspaces, which are 
consistent backgrounds of the GS superstring. 

A remaining problem is to show the equivalence between the extended DS formalism and 
the PS formalism. It is difficult, however, since DS superstring cannot be exactly quantized 
except for the case of the flat space-time. We only point out here that the extended DS 
superstring reduces to the conventional one, 9 -* in the flat space-time limit On the other 
hand, there is an essential difference between the DS superstrings in the flat and the AdS$ x S 5 
backgrounds. In the latter case, the extra fields (X a , 9 a) are nontrivially transformed under 
the global supersymmetry, as given in (13- 17j) . Therefore, the manifest supersymmetry is 
broken if we fix the conventional /t-symmetry by setting a half of 9a to be zero, as in 
Ref. 9). This implies that the relation to the PS formalism, which has manifest super- 
Poincare covariance, should be much complicated. 

Finally, it is also interesting to find a geometric interpretation of doubled superspace. 
The similar approaches, 17 )~ 19 ) doubling the (super) coordinates, may help the investigation. 
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Appendix A 

Conventions for Spinors and Supergroups 

A.l. N = 2 super- Poincare algebra in ten dimensions 
For 50(9, 1) gamma matrices, 

{r a ,T b } =2r] ab , (a,b = 0, 1, • • • ,9) (A-la) 

(r a ) T = -cr a c~\ c T = -c, (A-ib) 

where rf h = diag(— 1, 1, • • • ,1), we use a chiral Majorana representation 

'-(:)• ° -(-.:)• -U/r)- 

where (7 a ) a/3 = (7°)^ and ( 7 a ) a/3 = {T)pa- 

The N = 2 super- Poincare group in ten dimensions is generated by anti-hermitian formal 
generators (P a , M ab , Q£) satisfying 

[M^, M cd \ =n bc M ad - n bd M ac + n ad M bc - n ac M bd , (A-3a) 

[M ab , P c ] = Vbc P a - n ac P b , [M ab , Qi\ = Ig^( 7ab )^, (A-3b) 

{QtQ*} = -2i8 AB {rUP a . (A-3c) 
The subgroup 5*0(9, 1) is the ten-dimensional Lorentz group generated by M ab . 

A.2. PSU(2,2\4) 

For 50(4, 1) gamma matrices, we use a convention 

{ 7 a ,7 6 }=2^, (a, b = 0,1, •••,4) (A-4a) 
(Yf =C7°C-\ O t = -C. (A-4b) 

The identity ry^ 1 • • ■•y 4 = 1 holds. Similarly, 5*0(5) gamma matrices satisfy 

{ 1 a ',l b '}=25 a ' b ', (a', b' = 5, 6, •••,9) (A-5a) 

(rf'y = cy'c'-\ c T = -c, (A-5b) 

and the identity 7 s • • • 7 9 = 1 holds. It is useful to define 7" = 7° and 7 ' = iy a ' . 

The supergroup PSU(2, 2|4) is generated by formal generators (P d , M &b , Q^ a ,) satisfying 
hermiticity conditions (P a ) f = -Pa, (M-j)* = -M aS and (0^)%°) Vf,' = -Q^', where 
we define 

QL =Q^' A C^ la „ (A-6a) 
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We also use the abbreviated notations P a = (P a , Pa') and M hh = (Mai,, M a iy). 



These generators satisfy psu(2, 2|4) superalgebra given by 

[P a , P b ] =M ab , [P a ,, P v ] = -M a , b ,, (A-7a) 

[P a , M bc ] =r] ab P c - r] ac P b , [P a ,, M Vd ] = ba'b'Pd - Sa'c'Pv, (A-7b) 

[QL, Pa\ = - ^ABQfAlaf a , IQL', Pa'] = ^ AB Q% .ft ' a ,f \, , (A-7c) 

[Qt',M ab ] = - l -Q A ,Ai ah f a) [Qt', M a , b ,} = -\Q%<{l«>vY\, (A-7d) 

[M ab , M cd ] =r] bc M ad - r] bd M ac + r] ad M bc - r] ac M bd , (A-7e) 

[M a > v , M dd i} =5v c >M a r d i - b b i d ,M a i c i + b a i d ,M b i d - 5 a > c >M b i d/ , (A-7f) 

{Qaa'iQpp'} =$ AB (-2t(C 1 a )a(sC' alp/ P a + 2C a( s(CY) a/ ^P al ) 



+ e AB ((Cr b )apC' afp ,M ab - C a p(C'r' b ') a ^M a , b ^ . (A-7g) 
The subgroup 50(4, 1) x 50(5) is generated by M &b . 
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